Abstract. We construct an immersed surface for a null-homologous braid in an annulus open book decomposition. It is an extension of the so called Bennequin surface for a braid in R 3 . By resolving the singularities of the immersed surface, we obtain an embedded Seifert surface for the braid. We find a self-linking number formula associated to the surface, which extends Bennequin's self-linking formula for a braid in (R 3 , ξ std ).
Introduction
Alexander's theorem [1] states that every closed and oriented 3-manifold admits an open book decomposition. Definition 1.1. Let Σ be a surface with non empty boundary and φ be a diffeomorphism of the surface fixing the boundary pointwise. We construct a closed manifold
where "∼" is an equivalence relation satisfying (φ(x), 0) ∼ (x, 1) for x ∈ Int(Σ) and (x, τ ) ∼ (x, 1) for x ∈ ∂Σ and τ ∈ [0, 1]. The pair (Σ, φ) is called an abstract open book decomposition of the manifold M (Σ,φ) .
Alternatively, an open book decomposition for M can be defined as a pair (L, π), where (1) L is an oriented link in M called the binding of the open book; (2) π : M \L → S 1 is a fibration whose fiber, π −1 (θ), called a page, is the interior of a compact surface Σ θ ⊂ M such that ∂Σ θ = L for all θ ∈ S 1 .
One of the central results about the topology of contact 3-manifolds is the Giroux correspondence [8] :
contact structures ξ on M 3 up to contact isotopy That is, at each point p ∈ K ∩ Σ θ , we have T p K T p Σ θ . The braid index of a braid K is the degree of the map π restricted to K. In other words, if a braid K intersects each page in n points, then the braid index of K is n.
Bennequin [2] proved that any transverse link in (S 3 , ξ sym ) can be transversely isotoped to a closed braid in (D 2 , id). Later the second author generalized Bennequin's result into the following: . Let ξ = ξ (Σ,φ) be a compatible contact structure. Let K be a transverse link in (M, ξ). Then K can be transversely isotoped to a braid in (Σ, φ).
The self linking (Bennequin) number is a classical invariant for transverse knots. Bennequin [2] gave a formula of the self linking number for a braid b in (D 2 , id):
where n is the number of braid strands, and a the algebraic crossing number (the exponent sum) of the braid. The first goal of this paper is to give a combinatorial description for the self linking number of a null-homologous transverse link in the contact lens spaces compatible with the annulus open book decomposition (A, D k ). By Theorem 1.3, our problem is reduced to searching a self linking formula for a null-homologous braid in the open book decomposition (A, D k ). We extend Bennequin's formula (1.1) into the following: Theorem 1.4. Let b be a null-homologous closed braid in (A, D k ) We have:
where n is the number of braid strands; a σ , a ρ algebraic crossing numbers defined in Definition 2.4; and s an integer defined in Corollary 3.2.
Our second goal is to find a combinatorial self linking formula for transverse links in a contact Seifert fibered manifold M = M (g = 0, (k i , 1), i = 1, 2, 3) (here we use the notation in [12] ) over a pair of pants (disk with two holes). We obtain a similar formula which also extends (1.1): Theorem 1.5. We have:
where Σ b is a surface bounded by b, and a ρ i , s i (i = 2, 3) are integers defined in Definition 5.4.
The organization of the paper is the following: In Section 2, we fix notations and study properties of the contact lens space (M (A,D k ) , ξ k ). In Section 3, we construct a Bennequin type Seifert surfaceF b for a given braid word b in (A, D k ). In general, thisF b is an immersed surface and even the Bennequin inequality may not be satisfied, as noted in Remark 4.3. We resolve all the singularities and obtain an embedded surface Σ b . Recall that the self linking number is defined to be the euler number of the contact 2-plane bundle relative to the surface framing. We develop a theory about resolution of singularities of an immersed surface and corresponding changes in characteristic foliations. Applying this, we measure the difference between the immersed F b -framing and the embedded Σ b -framing.
In Section 4, we prove Theorem 1.4, an explicit formula of the self linking number relative to Σ b , which extends Bennequin's formula (1.1). We also study the behavior of our self linking number under a braid stabilization. Corollary 4.4 states that our self linking number is invariant under a positive stabilization and changes by 2 under a negative stabilization, which extends Bennequin's result for braids in (S 3 , ξ sym ).
In Section 5, we apply our surface construction method to small Seifert fibered manifolds and prove Theorem 1.5.
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Preliminaries
Let A = S 1 × I be an annulus and D α the positive Dehn twist about the core circle
We study an abstract open book decomposition (A, D k ).
Proof of Claim 2.1. Let (D • , id) be the planar open book decomposition for S 3 such that ∂D • = γ, see Figure 2 -(1). Let D µ ⊂ D • be a disc whose boundary we denote by µ. The solid torus D µ × S 1 has meridian µ. We choose a longitude λ so that
, and attach a new solid torus by identifying its meridian m with λ and its longitude l with −µ. This is the 0-surgery along the unknot U , which is the core circle of D µ × S 1 . The resulting manifold is S 1 × S 2 . In this way we get an open book decomposition (A, id A ) for S 1 × S 2 , whose page A is the union of the annulus D • \ D µ , shaded in Figure 2 - (1), and the annulus bounded by −l and the core γ of the solid torus, sketched in Figure 2 -(2). Figure 2 -(3), of the page annulus A is equivalent to applying ( Proof of Claim 2.2. The first statement is implied by Goodman's criterion for overtwistedness [9, Theorem 1.2]. The second statement follows from Honda's classification of tight contact structures for lens spaces [10] . More precisely, if k > 0 we have
and |(−2 + 1)(−2 + 1) · · · (−2 + 1)| = 1, thus the manifold has unique tight contact structure.
We fix notations. Suppose we have a 0-homologous closed braid b of braid index
Choose points x 1 , · · · , x n sitting between γ and α. Since braid isotopy preserves the transverse knot class (Theorem 2.7-(2)), we may arrange the braid b so that b ∩ A 0 = {x 1 , · · · , x n }. Let σ i (i = 1, · · · , n − 1) be the generators of Artin's braid group B n satisfying σ i σ i+1 σ i = σ i+1 σ i σ i+1 and σ i σ j = σ j σ i for |i − j| ≥ 2. Geometrically, σ i acts by switching the marked points x i and x i+1 as shown in Figure 3 . Let ρ be a braid element which moves x n once around the annulus into the indicated direction. Figure 4 - (1).
As in the transition from Figure 4 - (2) to (3), we have
Since our ρ = ρ n is equal to σ 2 n in the braid group B n+1 , the braidb can be written in letters {σ 1 , · · · , σ n−1 , ρ}. Since b ⊂b, the statement of the proposition follows. Definition 2.4. Let a σ ∈ Z (resp. a ρ ∈ Z) be the exponent sum of σ 1 , · · · , σ n−1 's (resp. ρ) in the braid word of b.
Proposition 2.5. If k > 0 (resp. k < 0), we may assume that a ρ ≥ 0 (resp. a ρ ≤ 0).
To prove Proposition 2.5, we first have to define the braid stabilization and recall its properties. Proof of Proposition 2.5. Suppose b is an n-strand braid. Recall that (A, D k ) has two binding components, γ and γ . Let a be an arc joining x n and γ and intersecting α at a point as sketched in Figure 6 . Pick a small line segment of the n th strand in A×(1− , 1), near the top page A θ=1 of the open book, and positively stabilize it along a. Let ν (see Figure 7 - (1)) denote the new braid strand lying in a small tubular neighborhood of γ . Put a point x n+1 ⊂ A on the right side of x n between γ and α as in Figure 6 . Define ρ n+1 a braid generator as in Figure 6 . Move ν by a braid isotopy supported in Figure 7 - (1) and (2).
Lemma 2.8. In a stabilized braid, ρ n+1 plays the role of the old ρ, which we denote by ρ n , and we have
Proof. This follows because the new strand ν is lying in a small tubular neighborhood of γ while x n+1 is close to γ. See Figure 7 -(3).
We continue the proof of Proposition 2.5. By Lemma 2.8, a positive stabilization about γ takes a word b to (ρ n+1 ) kb σ n , whereb is obtained from b replacing each ρ γ γ α ρ n+1 Figure 6 . Definitions of a, x n+1 and ρ n+1 .
(1) Positive stabilization about the binding γ . (2) Transversely isotope ν near γ to x n+1 near γ. This introduces k additional ρ n+1 's. (3) ρ n and ρ n+1 are related by ρ n = σ n ρ n+1 σ n .
with σ n ρ n+1 σ n , and braid words are read from left to right. The data changes in the following way: n → n + 1, a σ → a σ + 1 + 2a ρ , a ρ → a ρ + k. Theorem 2.7-(2) tells that a positive stabilization preserves the transverse knot class. Therefore, if k > 0 (resp. k < 0) we may assume that a ρ ≥ 0 (resp. a ρ ≤ 0).
Construction of surface Σ b
The goal of this section is to construct a Seifert surface Σ b for a null homologous braid b whose braid word is written in {σ 1 , · · · , σ n−1 , ρ}. (By abuse of notation, we use b for both the closed braid and its braid word.) We first construct a surface F b and change it toF b . We further deformF b intoF b and finally obtain Σ b .
3.1. Construction of the surface F b . Join the point x i and γ by an arc l i as in Figure 3 . Since l i is disjoint from the Dehn twist curve α, in the resulting manifold, Figure 8 . The center of δ i is l i ∩ γ. We orient δ i so that the binding γ is positively transverse to δ i .
Suppose the braid word for b has length m. If the j th (1 ≤ j ≤ m) letter is σ i (resp. σ By [8, Proposition 4.6 .11], we may assume that the characteristic foliation of our surface is of Morse-Smale type. Each disk δ i has a positive elliptic point. A positive (negative) band between the δ-disks contributes one positive (negative) hyperbolic point. The foliation on the disk δ n together with an attached A-annulus has a positive (resp. negative) hyperbolic singularity as sketched in Figure 10 -(1) (resp. (2)) if the corresponding braid word is ρ (resp. ρ −1 ).
(1) + hyperbolic 3.2. Construction of the surfaceF b . In Section 3.1, we have constructed an embedded oriented surface F b whose boundary consists of the braid b and copies of ±β's. Let a σ ∈ Z (resp. a ρ ∈ Z) be the exponent sum of σ 1 , · · · , σ n−1 's (resp. ρ's) in the braid word for b. Let 0 ≤ r ≤ m be the number of ρ, ρ −1 's appearing in the braid word for b. Then there exist 0 < θ 1 < · · · < θ r < 1 and i = ±1 such that
Claim 3.1. By attaching vertical annuli to pairs of β and −β circles as described in Figure 11 , we can construct an embedded oriented surfaceF b , whose boundary consists of b and |a ρ | copies of β (resp. −β) if k ≥ 0 (resp. k < 0). Figure 11 . Attaching a vertical annulus to A-annuli. Figure 11 . Further, we look at the (r − 2) remaining ±β curves.
(i) If there exists i ∈ {1, · · · , i − 2} ∪ {i + 2, · · · , r − 1} with i = − i +1 we attach an annulus to ( i β θ i ) ∪ ( i +1 β θ i +1 ) as described above.
(ii) If i−1 = − i+2 then we attach an annulus to ( i−1 β θ i−1 ) ∪ ( i+2 β θ i+2 ) by nesting it inside the one previously attached. See Figure 12 .
An inductive argument completes the proof. For the remaining two cases, we construct an immersed surfaceF b , by attaching disks about γ and γ:
[Case 1: k ≥ 0.] Let A 1 , · · · , A aρ ⊂F b be the annuli whose boundaries are contributing to the a ρ copies of β in ∂F b . Let u 1 , · · · , u s ⊂ A 1 be arcs, see Figure 3 , disjoint from the Dehn twist circle α. Let ω 1 , · · · , ω s be disks about the binding γ obtained by swiping
s+i by twisted k bands as in Figure 13 -(1). Lemma 3.3. All the singularities for the characteristic foliation of the attached bands and the ω-disks are elliptic. Moreover, the sign of any elliptic point is positive, for both Case 1 and 2.
(1) Figure 13 . Characteristic foliation of ω-disk and A-annulus joined by a twisted brand.
Proof of Lemma 3.3. The orientation of ω-disks is induced from that of A-annulus. Therefore, an ω-disk has a single positive elliptic point at the center. We show there are no hyperbolic points on the twisted bands. As in Figure 14 , put points p 1 , · · · , p 5 in the surface for Case 1 and chose (red) vector v i through p i tangent to the surface. Since b (orange boundary) is a positive transverse knot and v 1 is almost Figure 14 .
parallel to b, v 1 positively intersects the contact plane ξ p 1 . In the picture, the positive side of ξ p 1 is specified by +. Slightly perturbing the surface, if necessary, we can make the angle between the tangent plane at p i (red arrow) and ξ p i (blue arrow) strictly decreasing to 0 as p i approaches the center point of the ω-disk. A similar argument works for Case 2.
This immersed surface, as shown in Figure 15 - (1), has boundary
, where τ is a closed braid of braid index = 1. Each closed curve representing [τ + kβ] bounds a disk D about γ, Figure 15-(2) . D-disks can be constructed disjoint from each other. We constructF b by attaching s D-disks along s of the τ + kβ curves. Since k ≥ 0, the spirals in the bottom annulus page are identified via the Dehn twist D k with the straight line segments in the top annulus page.
By Lemma 3.3, the surfaceF b has s additional positive (resp. negative) elliptic singularities given by the ω-disks (resp. D-disks) compared to the surfaceF b .
(1) (1) and (2) glued along pink and blue circles, representing
[Case 2: k < 0.] Add bands to the ω disks as in Figure 13 - (2) and attach D-disks to obtainF b . The picture ofF b is reflection of Figure 15 with respect to the vertical axis. The ω-disks (resp. D-disks) contribute s positive (resp. negative) elliptic singularities.
The immersed surface,F b , exhibits clasp and branch (Definition 3.4) intersections, as sketched in Figure 16 . It also has ribbon intersections of D-disks and vertical annuli of Figure 11 . In Section 3.4, we study general theory on resolution of self intersections. In Figure 16 . Clasp (green) and branch (purple) intersections ofF b (k = 3, s = 2). Section 3.5, we apply this theory to our surfaceF b and resolve these self intersections to obtain an embedded surface Σ b .
3.4.
Resolution of singularities. Let K be a transverse knot in (M, ξ) and Σ an immersed oriented surface with ∂Σ = K. Definition 3.4. Let l ⊂ Σ be a simple arc where Σ intersects itself. Let p, q be the endpoints of l. Suppose that p is sitting on K, and q is a branch point of the neighborhood Riemann surface. See Figure 17 -(1). Then we call l a branch intersection. We assume that (i) the self-intersection set of Σ consists of ribbon, clasp, or branch intersections; (ii) the characteristic foliation F Σ is of Morse-Smale type.
Let l ⊂ Σ be a self-intersection arc. Near a point x ∈ Int(l), Σ intersects itself transversely as in Figure 18 -(1). Let F i ⊂ Σ (i = 1, 2, 3, 4) be surfaces meeting at l. The orientation of F i is induced from that of Σ. Resolve the singularity l by cutting Σ out along l and re-gluing F 1 , F 2 along l and F 3 , F 4 along l so that the orientations of the surfaces agree. See Figure 18 - (2) . Call the new surface Σ . Proof. Assume that p is a negative intersection, as depicted in Figure 19 -(1). We introduce an (x, y, z)-coordinate system for a small neighborhood N of p: Identify p with (0, 0, 0), and identify −K with the z-axis. Regard the surface which K penetrates as the xy-plane. Since K is a transverse knot, it transverses the contact 2-planes positively. Thus at a point r ∈ K ∩ N the positive normal vector n r to the contact plane ξ r has a negative z-component, i.e., n r · (0, 0, 1) ≤ 0. Moreover, since F F 1 and F F 2 are transversely intersecting with l, we have n r · (0, 0, 1) < 0. We may assume that contact planes are almost parallel to each other in N . Therefore, at the new hyperbolic point h ∈ N we have T h Σ = −ξ h . This means that h is a negative hyperbolic point. (1) The resolution of a ribbon singularity creates one positive and one negative hyperbolic points. (2) The resolution of a clasp singularity creates two hyperbolic points of the same sign.
Proof. Since the two end points of a ribbon (resp. clasp) singularity have the same sign (resp. opposite signs), by Proposition 3.6, statement (1) (resp. (2)) follows.
By the above arguments, it makes sense to define the sign for clasp and branch arcs: Proof of Theorem 1.4. It is known (see [6] for example) that
where e + (e − ) and h + (h − ) represent the number of positive (negative) elliptic and positive (negative) hyperbolic singularities of the characteristic foliation
i 's) which appear in the braid word for b. Then we have a σ = h + σ − h − σ , the sign count of hyperbolic singularities on Σ b given by the bands joining δ-disks as in Figure 9 - (1).
We review the count of singularities. Proof of Corollary 4.2. In terms of singularities for the characteristic foliation, since χ(Σ) = (e + + e − ) − (h + + h − ), the inequality (4.2) is equivalent to e − ≤ h − , that is,
If k ≥ 0, we have s(a ρ − 1) = s(ks − 1) ≥ 0, thus (4.2) is satisfied. When k < 0, we have s(a ρ −1) < 0 (except only when a ρ = s = 0 or a ρ = −k = −s = 1 we have s(a ρ − 1) = 0). Therefore, there exists a transverse knot for which (4.2) is violated. 
Proof of Corollary 4.4. A positive (negative) stabilization about γ changes n → n + 1 and a σ → a σ + 1 (a σ → a σ − 1). Applying Theorem 1.4, we get (4.3).
For (4.4), as we have seen in the proof of Proposition 2.5, by a positive (negative) braid stabilization, we have the following data change:
Applying Theorem 1.4, we have
A similar computation leads to sl(b
Seifert fibered manifolds
We use the following notations. Let S be a pair of pants with boundary circles γ i for i = 1, 2, 3. See Figure 21 . Let α i be boundary parallel circles for γ i . Denote the Dehn twist about α i by D i . Let k i be an integer.
Figure 21. A pair of pants S. 1) ), (here we use the notation in [12] ). Let c = |k
, the first homology group is
The second homology group is
Proof of Proposition 5.1. The corresponding manifold for the open book decomposition has a surgery diagram as in Figure 22 - (1). By slam dunk operations, we obtain diagrams (1)→(2)→(3). (We can see that if one of k i 's is 0, then M is a connected sum of lens spaces, and strictly speaking, M is not always Seifert fibered.)
The homology groups are computed by using [12, Lemma 4.2] , [3] and [7, page 3136] . Let σ i be a mapping class of S with n punctures, exchanging the i th and (i + 1) th punctures counter clockwise. Let ρ i (i = 1, 2, 3) be a mapping class of S with n punctures as described in Figure 21 .
Let K be a 0-homologous transverse knot in (M, ξ k 1 ,k 2 ,k 3 ). By Theorem 1.3 we can identify K with a closed n-braid b in (S, D
3 ). Applying braid isotopy (transverse isotopy), if necessary, we may assume that the intersection points x 1 , · · · , x n of b with the page surface S × {0} are sitting between the γ 1 and α 1 circles. See the orange dots in Figure 21 . 
3 ) can be written in letters {σ 1 , · · · , σ n−1 , ρ 2 , ρ 3 }. Definition 5.4. Let a σ be the exponent sum of σ i 's in the braid word for b. Let a ρ i (i = 2, 3) be the exponent sum of ρ i in the braid word for b.
Since b is 0-homologous, we have 0
On the other hand, by Proposition 5.1, there exist s 2 , s 3 ∈ Z, so that
Therefore,
Lemma 5.5. We may assume that s 2 , s 3 ≥ 0.
Proof of Lemma 5.5. A similar argument as in the proof of Proposition 2.5 applies. Recall that a positive braid stabilization preserves the transverse knot class (Theorem 2.7). By a positive stabilization of b about γ 2 (resp. γ 3 ), a ρ i changes in the following way:
Suppose we apply positive stabilizations about γ 2 (resp. γ 3 ) α-times (resp. β-times), where α, β ≥ 0. Then the corresponding changes for s i are: s 2 → s 2 + α and s 3 → s 3 + β. Therefore, if we take α, β sufficiently large, then we can make s 2 , s 3 ≥ 0.
Now we state our main result of this section: Theorem 1.5 Let b be a null-homologous closed braid in (S, D
There is a Seifert surface Σ b for b and we have:
Since H 2 (M ) may be non-trivial (Proposition 5.1) we specify the class [
Proof of Theorem 1.5. We construct an embedded surface Σ b bounded by b. We repeat the construction introduced in Section 3.1 and Section 3.2.
• Construct δ-disks (cf. Figure 8 ),
• join them by twisted bands for each σ ± j (cf. Figure 9 - (1)), Figure 9 - (2)), • attach vertical nested annuli to remove redundant boundaries. (cf. Figure 11) . Then we get an embedded surfaceF b , whose boundaries satisfy in
Next step is to construct an immersed surfaceF b :
• Join the top two A-annuli for ρ 2 and ρ 3 by a horizontal band as in Figure 24 . Repeat this for the first (s 2 + s 3 )|k 1 | pairs of ρ 2 and ρ 3 from the top.
• Put s 2 of ω-disks (red in Figure 24 ) about γ 2 .
• For each ω-disk, connect it with A-annuli for (k 1 + k 2 )ρ 2 by (|k 1 | + |k 2 |) twisted bands. Depending on k i > 0 or < 0, the twisted band is attached as in Figure 13 -(1) or (2).
• Attach s 2 of D-disks about γ 1 .
• Similarly, attach s 3 of ω-disks (green in Figure 24 ) about γ 3 , add (|k 1 | + |k 3 |) of twisted bands, and s 3 of D-disks about γ 1 . We have obtained an immersed surfaceF b with boundary b.
Lemma 5.6. If k 1 > 0 (resp. k 1 < 0) then the characteristic foliation for each horizontal band has a single negative (resp. positive) hyperbolic singularity. See Figure 23 . Proof of Lemma 5.6. We may think that a horizontal band sits on one page surface S. Let p i (i = 2, 3) be a point on the binding γ i as in Figure 23 . At p i , the contact plane intersects γ i positively. Along the line segment from p 2 to p 3 , the contact planes rotate 180 • counterclockwise. The contact plane is tangent to the horizontal band at the middle point, where the hyperbolic singularity occurs. If k 1 > 0 (resp. k 1 < 0), the positive (negative) side of the band is facing up to the reader, thus the sign of the hyperbolic point is positive (negative).
Lemma 5.7. All the singularities of the characteristic foliation for (F b \F b ), the union of ω-disks, twisted bands and D-disks, are elliptic. Moreover, the algebraic count e + − e − of elliptic singularities for the ω-disks (resp. D-disks) is s 2 + s 3 , (resp. −s 2 − s 3 ).
Proof. As seen in the proof of Lemma 3.3, there are no hyperbolic singularities on the twisted bands.
We count self intersection arcs ofF b : Figure 24 and 25 exhibit branch, clasp and ribbon intersections. For example, in Figure 24 , the union of arcs l 1 ∪ l 2 ∪ l 3 is a clasp intersection. Signs are assigned to each intersection according to Definition 3.8. If we count them algebraically, number of the branches = −s 2 (k 1 + k 2 ) − s 3 (k 1 + k 3 ). We resolve all the intersection arcs and obtain an embedded surface Σ b .
By Proposition 3.6 and Corollary 3.7, the resolution of branch, clasp and ribbon intersections create additional hyperbolic singularities. The total algebraically counted number of such singularities is: 
